Abstract. This paper presents a discrete-time SIS epidemic model with Logistic term. The transcritical bifurcation, flip bifurcation and Hopf bifurcation are investigated. The results show that the epidemic system with Logistic growth of susceptible population has rich dynamic behaviors, including period-6, 7, 8, 10, 11-orbits and chaotic phenomena.
INTRODUCTION
Studies of epidemic models that incorporate the disease causing death and variation in total population have become one of the important areas in the mathematical theory of epidemiology.
In the theory of epidemics, there are two kinds of mathematical models: the continuous-time models described by differential equations and the discrete-time models described by difference equations. The continuous-time epidemic models have been widely studied in many literatures [1] [2] [3] [4] [5] [6] . Recently, discrete-time epidemic models have been used to study [7] [8] [9] [10] [11] [12] [13] [14] . The advantages of a discrete-time approach are multiple. Firstly, difference models are more realistic than differential ones since the epidemic statistics are compiled from given time intervals and are discontinuous. Secondly, the discrete-time models can provide natural simulators for the continuous cases. One can thus not only study the behaviors of the continuous-time model with good accuracy, but also assess the effect of lager time steps. Finally, the use of discrete-time models makes it possible to use the entire arsenal of methods recently developed for the study of mappings and lattice equations, either from the integrability and/or chaos points of view.
On the other hand, simple models, by their own nature, cannot incorporate many of the complex biological factors. However, they often provide useful insights to help our understanding of complex process. For such reasons, assume only susceptible population are capable of reproducing with logistic equation [15] [16] [17] [18] , we firstly focus on the SIS model with Logistic term
Where S, I are denoted the susceptible and infected, respectively. N = S + I is the total population. All these of course are functions of time. r is the intrinsic birth rate. K, β are the carrying capacity and the infection rate respectively. γ ≥ 0 is the recovery rate. d is the death rate of I.
We obtain the following system analogous to (1)
In this paper, we apply the Euler scheme to discrete the SIS epidemic model and investigate the dynamical behaviors in detail by using bifurcation theory and center manifold theory [19] [20] [21] . It is verified that there are phenomena of the transcritical bifurcation, flip bifurcation, Hopf bifurcation types and chaos.
This paper is organized as follows. In Section 2, we give sufficient conditions of existence for transcritical bifurcation, flip bifurcation and Hopf bifurcation. In Section 3, a series of numerical simulations show that there are bifurcation and chaos in the discrete-time epidemic model. Finally, we give remarks to conclude this paper in Section 4.
DYNAMIC ANALYSIS
2.1. Existence of fixed points. Applying the Euler scheme to (2), we obtain the discrete sys-
The fixed points of (3) satisfy the following equations
By the analysis of roots for Eq. (4), we obtain the following theorem Theorem 1. (i). (3) has three fixed points P 0 (0, 0), P 1 (
, 0), and P 2 (1,
The Jacobian matrix of the system (3) at fixed point P(S 1n , I 1n ) takes the form
Bifurcations. It is easy to see that the fixed point P 0 (0, 0) is a saddle. In the following, we focus on investigating the bifurcations of P 1 , P 2 .
Theorem 2. If m 2 = m 1 and m 1 = 2, (3) undergoes a transcritical bifurcation at P 1 .
Proof. The Jacobian matrix J(P 1 ) has eigenvalues λ 1 = 1 − m 1 , λ 2 = 1 when m 2 = m 1 , and
By the following transformation
Then, we can consider
Thus, we have
And (6) is restricted to the center manifold, which is given by
the system (3) undergoes a transcritical bifurcation at P 1 . This proves the theorem. Proof. Let
, y n = I 1n , c n = m 1 − 2, the system (3) becomes
which must satisfy
We obtain the center manifold as followed
And (7) is restricted to the center manifold, which is given by
Direct calculations show that
Hence, the system (3) undergoes a flip bifurcation at P 1 . This completes the proof.
The positive fixed point is so important to the biological system that people usually are very interested in it. We will next pay attention to the unique positive fixed point P 2 . Since the analysis is similar to the case at P 1 , the above proofs are omitted.
We next give the condition of existence of Hopf bifurcation using the Hopf bifurcation theorem in [21] . The characteristic equation of the Jacobian matrix J(P 2 ) can be written as
where
The eigenvalues of the Jacobian matrix of (3) at P 2 are
The eigenvalues λ 1,2 are complex conjugates for t 2 2 < 4d 2 . We transform the fixed point P 2 (1, 
becomes
Notice that (9) is exactly on the center manifold in the form, in which the coefficient l [20] is given by
By direct calculating, we obtain that l = 0 . From the above analysis, we get the theorem 5.
, and
undergoes a Hopf bifurcation at fixed point P 2 .
NUMERICAL SIMULATIONS
It has been long supposed that the existence of chaotic behaviour in the microscopic motions is responsible for their equilibrium and non-equilibrium properties [22] . From above results, it shows that (3) has rich dynamic behaviors. In this section, we use the bifurcation diagrams, 
CONCLUSION
In this paper, we investigate the behaviors of the SIS epidemic with logistic term as a discretetime dynamical system, and find many complex and new interesting dynamical phenomena.
Without the recovery rate of infectious, (1) becomes the SI model in [15] . Our theoretical dynamical behaviors between discrete system and its corresponding continuous system and the results are different from [23] . Furthermore, chaos can cause the population to run a higher risk of extinction due to the unpredictably [24] [25] . Thus, how to control chaos in the epidemic model is very important, which needs further consideration.
